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Measure and mass gap for generalized
connections on hypercubic lattices
R. Vilela Mendes ∗
Abstract
Using projective limits as subsets of Cartesian products of ho-
momorphisms from a lattice to the structure group, a consistent in-
teraction measure and an infinite-dimensional calculus has been con-
structed for a theory of non-abelian generalized connections on a hy-
percubic lattice. Here, after reviewing and clarifying past work, new
results are obtained for the mass gap when the structure group is
compact.
1 Introduction
In [1] a space for generalized connections was defined using projective lim-
its as subsets of Cartesian products of homomorphisms from a lattice to a
structure group. In this space, non-interacting and interacting measures were
defined as well as functions and operators. From projective limits of test func-
tions and distributions on products of compact groups, a projective gauge
triplet was obtained, which provides a framework for an infinite-dimensional
calculus in gauge theories.
In [1] a central role is played by the construction of an interacting measure
which, satisfying a consistency condition, can be extended to a projective
limit of decreasing lattice spacing and increasingly larger lattices. Since [1]
was published some questions have been raised concerning in particular the
construction of the measure and the consistency condition. The purpose of
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this paper is twofold. First to clarify and extend some details of the measure
construction which, of course, were implicit in [1]. Second to further explore
some of the physical consequences of the constructed measure, in particular
the nature of the mass gap that it implies.
The basic setting, as used in [1], is the following:
In R4a sequence of hypercubic lattices is constructed in such a way that
any plaquette of edge size a
2k
(k = 0, 1, 2, · · · ) is a refinement of a plaquette of
edge a
2k−1
(meaning that all vertices of the a
2k−1
plaquette are also vertices in
the a
2k
plaquettes). The refinement is made one-plaquette-at-a-time, in the
sense that, when one plaquette of edge a
2k−1
is converted into four plaque-
ttes of edge a
2k
, eight new plaquettes of edge a
2k−1
, orthogonal to the refined
plaquette, are also added to the lattice. The additional plaquettes connect
the new vertices of the refined a
2k
plaquette to the middle points of a
2k−1
pla-
quettes, in such a way that when all a
2k−1
plaquettes are refined to a
2k
size, a
full hypercubic a
2k
lattice is obtained. See Fig.1 for a 3−dimensional projec-
tion of the process, where two of the additional eight (in R4) plaquettes are
shown, attached to the points A,B,C and D. This one-plaquette-at-a-time
construction is useful to check the consistency condition (see Section 2).
Finite volume hypercubes Γ in these lattices form a directed set {Γ,≻}
under the inclusion relation ≻. Γ ≻ Γ′ meaning that all edges and vertices
in Γ′ are contained in Γ, the inclusion relation satisfying
Γ ≻ Γ
Γ ≻ Γ′ and Γ′ ≻ Γ =⇒ Γ = Γ′
Γ ≻ Γ′ and Γ′ ≻ Γ′′ =⇒ Γ ≻ Γ′′ (1)
After each complete refinement of a finite volume hypercube (from a
2k−1
to
a
2k
size), the sequence is expanded to include larger and larger volume hyper-
cubes which are likewise refined, etc..
Let G be a compact group and x0 a point that does not belong to any
lattice point of the directed family. Assuming an analytic parametrization
of each edge, associate to each edge l a x0-based loop and for each gener-
alized connection A consider the holonomy hl (A) associated to this loop.
For definiteness each edge is considered to be oriented along the coordinates
positive direction and the set of edges of the lattice Γ is denoted E (Γ). The
set AΓ of generalized connections for the lattice hypercube Γ is the set of
homomorphisms AΓ = Hom (E (Γ) , G) ∼ G
#E(Γ), obtained by associating
to each edge the holonomy hl (·) on the associated x0-based loop. The set of
2
Figure 1: Partial 3-dimensional projection of the one-plaquette-at-a-time
refinement process
gauge-independent generalized connections AΓ/Ad is obtained factoring by
the adjoint representation at p0, AΓ/Ad ∼ G
#E(Γ)/Ad. However because, for
gauge independent functions, integration in AΓ coincides with integration in
AΓ/Ad , for simplicity, from now on one uses only AΓ. Finally one considers
the projective limit A = lim
←−
AΓ of the family
{AΓ, piΓΓ′ : Γ
′ ≻ Γ} (2)
piΓΓ′ and piΓ denoting the surjective projections AΓ′ −→ AΓ and A −→ AΓ.
The projective limit of the family {AΓ, piΓΓ′} is the subset A of the Carte-
sian product
∏
Γ
AΓ defined by
A =
{
a ∈
∏
Γ
AΓ : Γ
′ ≻ Γ =⇒ piΓΓ′AΓ′ = AΓ
}
(3)
the projective topology in A being the coarsest topology for which each piΓ
mapping is continuous.
For a compact group G, each AΓ is a compact Hausdorff space. Then
A is also a compact Hausdorff space. In each AΓ one has a natural (Haar)
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normalized product measure νΓ = µ
#E(Γ)
H , µH being the normalized Haar
measure in G. Then, according to a theorem of Prokhorov, as generalized by
Kisynski [2] [3], if
νΓ′
(
pi−1ΓΓ′ (B)
)
= νΓ (B) (4)
for every Γ′ ≻ Γ and every Borel set B in AΓ, there is a unique measure ν
in A such that ν
(
pi−1Γ (B)
)
= νΓ (B) for every Γ.
2 The measure
As stated before, the essential step in the construction of the measure in
the projective limit is the fulfilling of the consistency condition (4). One
considers, on the finite-dimensional spaces AΓ ∼ G
#E(Γ), measures that are
absolutely continuous with respect to the Haar measure
dµAΓ = p (AΓ) (dµH)
#E(Γ) (5)
p (AΓ) being a continuous function in AΓ with the simplifying assumptions:
- p (AΓ) is a product of plaquette functions
p (AΓ) = p (U1) p (U2) · · · p (Un) (6)
with U (AΓ) = h1h2h
−1
3 h
−1
4 , h1 to h4 being the holonomies of the x0− based
loops associated to the edges of the plaquette.
- p (·) is a central function, p (xy) = p (yx) or, equivalently p (y−1xy) =
p (x) with x, y ∈ G.
Let p′, p′′ and p be the density functions associated respectively to the
square plaquette with edges of size a
2k
, to the rectangular plaquette with
edges of size a
2k
and a
2k−1
and, finally, to the square plaquette with edges of
size a
2k−1
. Then
Theorem 1 [1] A measure on the projective limit A = lim
←−
AΓ exists if a
sequence of functions is found satisfying∫
p′ (GiX) p
′
(
X−1Gj
)
dµH (X) ∼ p
′′ (GiGj)∫
p′′ (GiX) p
′′
(
X−1Gj
)
dµH (X) ∼ p (GiGj) (7)
for plaquette subdivisions of all sizes.
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Proof: In the directed set {Γ,≻} consider two elements Γ and Γ
′
which
differ only in subdivision of a single plaquette from a
2k−1
to a
2k
size (see Fig.2)
plus the additional a
2k
plaquettes as explained in the introduction.
Figure 2: Subdivision of one plaquette
The consistency condition is
1
Z ′
∫
p′
(
g−11 G1g2y
−1
2 y
−1
1
)
p′
(
y2g
−1
2 G2g
−1
3 y
−1
3
)
p′
(
y4y3g3G
−1
3 g
−1
4
)
p′
(
g1y1y
−1
4 g4G
−1
4
)
4∏
i=1
dµH (gi) dµH (yi) dµH (Gi)
8∏
k=1
dµH (Gk)
=
1
Z
∫
p
(
G1G2G
−1
3 G
−1
4
) 4∏
i=1
dµH (Gi) (8)
the last factor in the left hand side denoting integration over the additional
a
2k
plaquettes. Using centrality of p′, redefining
g1y1 = X1, g2y
−1
2 = X2, y3g3 = X
−1
3 , y
−1
4 g4 = X
−1
4 (9)
and using invariance of the normalized Haar measure, one may integrate over
y1, y2, y3, y4 and Gk, obtaining for the left hand side of (8)
1
Z ′
∫
p′
(
X−11 G1X2
)
p′
(
X−12 G2X3
)
p′
(
X−13 G
−1
3 X4
)
p′
(
X−14 G
−1
4 X1
) 4∏
i=1
dµH (Xi) dµH (Gi)
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Therefore if there is a sequence of central functions p′, p′′, p satisfying the
proportionality relations∫
p′ (GiX) p
′
(
X−1Gj
)
dµH (X) ∼ p
′′ (GiGj)∫
p′′ (GiX) p
′′
(
X−1Gj
)
dµH (X) ∼ p (GiGj) (10)
the consistency condition (8) would be satisfied, with the proportionality
constant absorbed in the overall measure normalization. Then a measure
would exist in the projective limit, because all elements in the directed set
{Γ,≻} may be reached by one-plaquette subdivisions.
If p (U) is a constant, dµAΓ is factorizable and the consistency condi-
tion is trivially satified. dµAΓ would be the Ashtekar-Lewandowski measure
for generalized connections [4] [5]. A nontrivial solution that satisfies the
consistency condition (8) is the choice of p (U) as the heat kernel
K (g, β) =
∑
λ∈Λ+
dλe
−c(λ)βχλ (g) (11)
with
β → β ′ =
β
4
β → β ′′ =
β
2
(12)
β ′′, β ′ and β being the constants associated to p′′, p′ and p. In (11), g ∈ G,
β ∈ R+, Λ+ is the set of highest weights, dλ and χλ (·) the dimension and
character of the λ−representation and c (λ) the spectrum of the Laplacian
∆G :=
∑n
i=1 χ
2
i , {χi} being a basis for the Lie algebra of G.
Finally, one writes for the measure on the lattice Γ
dµAΓ =
1
ZΓ
∏
edges
dµH(gl)
∏
plaquettes
∑
λ∈Λ+
dλe
−c(λ)βχλ (gp) (13)
and the consistency condition (4) being satisfied, a measure is also defined
on the projective limit lattice, that is, on the projective limit generalized
connections A.
This measure has the required naive continuum limit, both for abelian and
non-abelian theories (see [1]). Furthermore by defining infinite-dimensional
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test functionals and distributions, a projective triplet was constructed which
provides a framework to develop an infinite-dimensional calculus over the
hypercubical lattice. In particular, this step is necessary to give a meaning
to the density p (AΓ) in the β → 0 limit, where p (AΓ) would no longer be
a continuous function. Thus p (AΓ), a density that multiplies the Ashtekar-
Lewandowski measure [4] [5] [6], gains a distributional meaning in the frame-
work of the projective triplet.
A theory being completely determined whenever its measure is specified,
the construction in [1] provides a rigorous specification of a projective limit
Yang-Mils theory for gauge fields over a compact group. Some of the conse-
quences of this specification were already discussed in [1]. Here one analyses
the nature of the mass gap which follows from the measure specification.
3 The mass gap
The experimental phenomenology of subnuclear physics provides evidence
for the short range of strong interactions. Therefore, if unbroken non-abelian
Yang-Mills is the theory of strong interactions, the Hamiltonian, associated
to its measure, should have a positive mass gap. This important physical
question has been addressed in different ways by several authors. An inter-
esting research approach [7] [8] considers the Riemannian geometry of the
(lattice) gauge-orbit space to compute the Ricci curvature. The basic in-
spiration for this approach is the Bochner-Lichne´rowicz [9] [10] inequality
which states that if the Ricci curvature is bounded from below, then so is
the first non-zero eigenvalue of the Laplace-Beltrami operator. The Laplace-
Beltrami operator differs from the Yang-Mills Hamiltonian in that it lacks the
chromo-magnetic term, but the hope is that in the relevant physical limit the
chromo-electric term dominates the bound. An alternative possibility would
be to generalize the Bochner-Lichne´rowicz inequality.
Other approaches are based on attempts to solve the Dyson-Schwinger
equation (see for example [11] [12] [13]) on a set of exact solutions to the
classical Yang-Mills theory [14] or on the ellipticity of the energy operator of
cut-off Yang-Mills [15] [16].
Once a consistent Euclidean Yang-Mills measure is obtained, the nature
of the mass gap may be found either by computing the distance dependence of
the correlation of two local operators or from the lower bound of the spectrum
in the corresponding Hamiltonian theory. Here I will use the Hamiltonian
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approach using the fact that the Hamiltonian may be obtained from the
knowledge of the ground state and the ground state may be obtained from
the measure.
One of the axis directions in the lattice is chosen as the time direction.
Then, recalling that at each step in the projective limit construction one has
a finite-dimensional system, the ground state wave functional Ψ0 (θ (0)) at a
particular configuration θ (0) at time zero is obtained by [17] [18]
|Ψ0 (θ (0))|
2 =
∫
dθΨ∗0 (θ) δ (θ − θ (0))Ψ0 (θ)
=
∫
dµA (θ) δ (θ − θ (0)) (14)
where µA (θ) is the Euclidean measure and θ and θ (0) stand respectively
for the set of group configurations in the edges and for the set of group
configurations in the time-zero slice.
In general the explicit computation of the integral in (14) is not easy.
However, to study the nature of the mass gap a full calculation of the ground
state wave functional is not required. It uses the interpretation of elliptic
operators as generators of a diffusion process [19] [20] and, in the limit of
small β, the theory of small perturbations of dynamical systems [21] [22].
The ground state in (14) may be used to develop the usual Hamiltonian
approach to lattice theory, for which one uses notations similar to those of
Chapter 15 in Ref.[23], the main difference being that instead of constructing
the Kogut-Susskind Hamiltonian from the Wilson action, one uses the ground
state obtained from the measure. The Hamiltonian will be
Hg =
g2 (β)
2β
∑
l,j,α
{
−
∂
∂θαj (l)
+ Lαj (l)
}{
∂
∂θαj (l)
+ Lαj (l)
}
(15)
The θαj (l)’s are the Lie algebra coordinates of the group element exp
(
iθαj (l) τα
)
at each edge l of the time-zero slice of the lattice, the sum is over edges (l),
lattice dimensions (j) and Lie algebra generators (α). g (β) is a coupling
constant to be adjusted consistently to obtain the continuum limit. Recall
that from (12) β → 0 as the length of the lattice edges ( a
2k
) goes to zero.
Lαj (l) = −
1
Ψ0
∂Ψ0
∂θαj (l)
(16)
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which, in particular, implies that the ground state energy E0 is adjusted to
zero.
Making the unitary transformation Hg → H
′
g = Ψ
−1
0 HgΨ0, the ground
state becomes the unit function, all states are multiplied by Ψ−10 and
− βH ′g =
g2 (β)
2
∑
l,j,α
∂
∂θαj (l)
∂
∂θαj (l)
+
∑
l,j,α
bαj (l)
∂
∂θαj (l)
(17)
with
bαj (l) = −g
2 (β)Lαj (l) =
g2 (β)
2Ψ20
∂ lnΨ20
∂θαj (l)
(18)
The second-order elliptic operator in (17) is the generator of the diffusion
process
dθαj (l) = b
α
j (l) dt+ g (β) dW
α
j (l) (19)
with drift bαj (l) and diffusion coefficient g (β). Ψ
2
0 is the invariant measure
of this process. The question of existence of a mass gap for the Hamiltonian
H ′g is closely related to principal eigenvalue of the Dirichlet problem
βH ′gu = λu in D
u = 0 in ∂D (20)
D being a bounded domain and ∂D its boundary. The principal eigenvalue
λ0, that is, the smallest positive eigenvalue of βH
′
g has a stochastic represen-
tation [24] [22]
λ0 = sup
{
λ ≥ 0; sup
θ∈D
Eθe
λτ <∞
}
(21)
Eθ denoting the expectation value for the process started from the θ config-
uration and τ the time of first exit from the domain D. The validity of this
result hinges on the following condition
(C1) The drift b and the diffusion matrix coefficient σ (g (a) δij in this
case) must be uniformly Lipschitz continuous with exponent 0 < α ≤ 1 and
σ positive definite.
(21) is a powerful result which may be used to compute by numerical
means the principal eigenvalue for arbitrary values of g 1. However, a partic-
ularly useful situation is the small noise (small g limit). That the small noise
1See for example Ref. [25]
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limit corresponds to the continuum limit of the lattice theory follows from a
consistency argument. Under suitable conditions, to be discussed below, the
small noise limit of the lowest eigenvalue (the mass gap) of the operator βH ′
is
βm ∼ exp
(
−
V
g2 (β)
)
(22)
where V is the value of a functional. Hence, for the physical mass gap m to
remain fixed when β → 0, it should also be g (β) → 0. Therefore the small
noise limit is indeed the continuum limit.
In the small noise limit the mass gap may be obtained from the Wentzell-
Freidlin estimates [21] [22]. Given a bounded domain D for the variables
θαj (l) define the functional
It1,t2 (χ) =
1
2
∫ t2
t1
(
dχ
ds
− b (χ (s))
)2
ds (23)
where χ (s ∈ [t1, t2]) is a path from the configuration {θ} to the boundary
∂D of the domain D. Then let
I (t, {θ} , ∂D) = inf
χ
I0,t (χ) (24)
be the infimum over all continuous paths that starting from the configuration
{θ} hit the boundary ∂D in time less than or equal to t. A path is said to
be a neutral path if I (t, {θ} , ∂D) = 0.
The value of this functional is controlled by the nature of the deterministic
dynamical system
dθαj (l)
dt
= bαj (l) (25)
Assume the following aditional condition to be fulfilled:
(C2) There are a number r of ω−limit sets Ki of (25) in the domain D,
with all points in each set Ki being equivalent for the functional I, that is,
I (t, x, y) = 0 if both x, y ∈ Ki and b • ν > 0, ν being the inward normal to
∂D.
Then [19] [22] with
Vi = inf I (t, x, ∂D) for x ∈ Ki (26)
and
V∗ = max (V1, · · · , Vr)
V ∗ = min (V1, · · · , Vr)
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the lowest non-zero eigenvalue λ0 satisfies
lim
g→0
(
−g2 lnλ0 (g)
)
≤ V ∗
lim
g→0
(
−g2 lnλ0 (g)
)
≥ V∗
In particular if there is only one V
λ0 (g) = βm (g) ≍ exp
(
−
V
g2 (β)
)
(27)
the symbol ≍ meaning logarithmic equivalence in the sense of large deviation
theory. If the drift is the gradient of a function, as in (18), the quasi-potential
V is simply obtained from the difference of the function at the ω−limit set
and the minimum at the boundary.
For details on the theory of small perturbations of dynamical systems
as applied to the small β limit of lattice theory refer also to [26] where
this technique was applied to an approximate ground state functional. Also
[27] [28] [29] [30] provide details on how the ground state measure provides
a complete specification of quantum theories both for local and non-local
potentials.
Now the existence of a mass gap associated to the Hamiltonian (17), ob-
tained from the measure (13) by (14), hinges on checking the above conditions
(C1) and (C2). Inserting (13) into (14) one obtains
|Ψ0 (gl (0))|
2 =
∫ ∏
edges
dµH(gl)δ (gl − gl (0))
∏
plaquettes
∑
λ∈Λ+
dλe
−c(λ)βχλ (gp)
(28)
gl being the group element associated to the edges and gp those associated
to the ordered product of group elements around a plaquette, |Ψ0 (gl (0))|
2
being a function only of the group elements on the time slice. For practical
calculations one makes a global lattice gauge fixing in (28) but for the present
considerations this is not important.
In (28) the only free variables are the edge variables in the time slice
or, more precicely, the angles of the maximal torus of the group element
associated to the corresponding plaquettes. Smoothness of the heat kernel
implies that the Leibnitz rule for derivation under the integral can be applied
and the drift bαj (l) in (25) is also a smooth function. Therefore condition
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(C1) is satisfied. As for condition (C2) one knows that the heat kernel
satisfies the following two-sided Gaussian estimate
1∣∣∣B (e, β 12)∣∣∣c1 exp
(
−d2 (g)
c2β
)
≤ K (g, β) ≤
1∣∣∣B (e, β 12)∣∣∣c3 exp
(
−d2 (g)
c4β
)
(29)
d (g) being the Carnot-Carathe´odory distance of the group element g to the
identity e and
∣∣∣B (e, β 12)∣∣∣ is the volume of a ball of radius β 12 centered at e
[31] [32]. The estimate (29) holds if and only if
(A) the volume growth has the doubling property
∀x ∈ G, ∀r > 0, |B (x, 2r)| ≤ c |B (x, r)|
(B) there is a constant γ such that
∀x ∈ G, ∀r > 0,
∫
B(x,r)
∣∣f − AvB(x,r)f ∣∣2 dx ≤ γr2
∫
B(x,2r)
|∇f |2
AvB(x,r)f being the average of f over the ball B (x, r). In particular if G is
unimodular (B) holds.
For a compact group (A) and (B) being satisfied, the two-sided estimate
(29) holds. Therefore the dynamical system (25) has only one ω−limit set,
the group identity, and one is in the situation of Eq.(27), V being obtained
from the difference of the heat kernel at the identity and at the boundary of
the domain. In conclusion:
Theorem: If G is a compact group, the Hamiltonian (19) obtained from
the heat-kernel measure has a positive mass gap in the β → 0 limit, in the
sense of Eq.(27).
The existence of the projective limit measure and the projective triplet
made in (I), as well as the characterization of the nature of the mass gap ob-
tained here, provide a consistent construction of pure Yang-Mills. Of course,
to scale up these results to a full understanding of QCD the role of fermions
as well as of the non-generic strata [33] would be required. In particular to
clarify the importance of these strata for the structure of low-lying excita-
tions.
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